We propose a method to constrain the variation of the gravitational constant G with cosmic time using gravitational-wave (GW) observations of merging binary neutron stars. The method essentially relies on the fact that the GWs carry an imprint of the value of G at the time of the merger. Thus, if the value of G at that epoch is significantly different from its current value, the masses of the neutron stars inferred from the GW observations will be inconsistent with the theoretically allowed range. This enables us to place bounds on the variation of G between the merger epoch and the present epoch. Using the observation of the binary neutron star system GW170817, we constrain the fractional difference in G between the merger and the current epoch to be in the range −1 ∆G/G 8. Assuming a monotonic variation in G, this corresponds to a bound on the average rate of change of −7 × 10 −9 yr −1 ≤Ġ/G ≤ 5 × 10 −8 yr −1 between these epochs.
Introduction:-P. A. M. Dirac was the first to conjecture the possibility of variation of fundamental "constants" of Nature with cosmic time [1, 2] . Since then, a number of alternative theories of gravity, e.g., scalar-tensor theories like Brans-Dicke theory, that predict a time varying gravitational "constant" G [3] [4] [5] , have been constructed. In general, most theories of gravity that violate the strong equivalence principle predict that the value of the gravitational constant varies with cosmic time [6] .
There are several observational bounds on the time variation of G, constraining its value at various cosmological epochs [5] . These include constraints derived from comparing the observed abundance of light elements with the abundance predicted by big bang nucleosynthesis models [7, 8] , those derived from the shape of the angular power spectrum of the cosmic microwave background [9] , from the light curves of type Ia supernovae [10] , from the non-radial pulsations (astroseismology) of white dwarfs [11] , from the timing [12] and the observed mass distributions [13] of binary pulsars, from the age of globular clusters [14] , from helioseismology [15] , and from monitoring the orbits of solar system planets [16] [17] [18] and the Earth-Moon system through radar ranging [19] and lunar laser ranging [20, 21] . In this Letter we show how the observation of gravitationalwave signals from binary neutron stars can be used to constrain the time evolution of G. We also produce observational constraints on the time variation of G from the binary neutron star observations by LIGO and Virgo [22, 23] . To the best of our knowledge, this is the first such constraint placed that uses the gravitational-wave signal from a binary neutron star system. It is also fourteen orders of magnitude better than the existing gravitational-wave based constraint (from constraints on the dephasing of binary black hole waveforms) [24] .
Neutron star mass limits and the gravitational constant:-The mass of a spherically symmetric star is determined by the following equations of hydrostatic equilibrium
where m(r) denotes the (gravitational) mass enclosed by a radius r while P(r) and ρ(r) denote the pressure and density at r. The dimensionless quantity C(r) denotes the relativistic corrections. That is, C(r) = 1 in Newtonian gravity, C(r) = in general relativity [25] , while C(r) depends on additional quantities such as scalar fields in alternative theories of gravity (see, e.g., [26] ). The mass of the star can be computed by solving Eq. (1) along with an equation of state that relates the density and pressure. A dimensional analysis of Eq. (1) reveals that the mass of the star scales as G −3/2 . This is illustrated in Fig. 1 , which shows the mass of non-spinning neutron stars as a function of the central density, computed by numerically solving the equations of hydrostatic equilibrium in general relativity [25] . We rescale the mass by (G/G o ) 3/2 , where G is the value of the arXiv:2003.12832v1 [gr-qc] 28 Mar 2020 gravitational constant used to solve the equations and G o = 6.67 × 10 −11 m 3 kg −1 s −2 the current value of G. The rescaled mass as a function of the central density is independent of the value of G used to compute the mass. In particular, for a given equation of state, the central densities corresponding to the maximum and minimum masses are independent of G.
We entertain the possibility that the value of the gravitational constant during the merger, G s , could be different from its current value G o [27] . Following common practice [5, 6] , we assume that all other fundamental constants and fundamental interactions (and hence the nuclear equation of state) remain unchanged across cosmic time. It is well known that neutron stars have a minimum (maximum) mass limit [28] below (above) which the neutron star will get gravitationally unbound (collapse). It can be seen from Fig.1 that these mass limits scale as G −3/2 . Thus, the mass limits on the neutron star at the time of the merger are given by
where m min, max are the minimum and maximum mass limit computed using the current value of the gravitational constant, Fig.1 ), where the maximum mass includes the effects of maximal rotation [30, 31] .
Constraining the cosmic evolution of the gravitational constant:-The gravitational-wave signal produced by the inspiral of a binary neutron star system can be written in the frequency domain as
is the phase and f is the Fourier frequency. The post-Newtonian expansion of the phase is given by [32] 
Here, v := π G s M s f /c 3 1/3 is a dimensionless parameter, where M s = m s,1 + m s,2 is the total mass of the binary, while ψ k are some dimensionless coefficients that depend on a set of intrinsic parameters λ of the binary, such as the mass ratio and dimensionless spins of the neutron stars, but not on the value of G 1 . The detection of gravitational waves from compact binaries, and the estimation of source parameters is performed by phase matching the data with theoretical templates of the expected signal. Typically, several hundreds of thousands of templates, corresponding to different values of source parameters λ, need to be correlated with the data. These templates are generated using the current value G o of the gravitational constant. That
, where M o is the total mass of the binary parametrizing a given template.
Template matching is achieved when the phase of the template is matched with the phase of the signal, which, in turn, occurs when the set of parameters λ of the templates matches that of the source. It can be seen from Eq. (3) that, in addition, the following condition also has to be satisfied (neglecting cosmological redshift)
Thus, when G s G o , the estimated total mass of the binary from this template matching (and hence the masses m o,1 and m o,2 of the neutron stars) will be biased.
where m s and m o are the actual and estimated masses of the neutron stars, respectively. We have omitted the subscripts 1, 2 for simplicity. Due to the cosmological expansion, gravitational waves will be redshifted. The effect of this can be captured by applying the redshift factor (1 + z) to the masses, i.e., by replacing m by m(1 + z) [34] . Due to this effect, Eq.(5) will be modified to
where z s is the true cosmological redshift of the source and z o is the estimated redshift -either from a direct electromagnetic observation of the host galaxy or by converting the luminosity distance estimated from the gravitational-wave observation, assuming a cosmology. Using Eq. (2) in Eq. (6) gives the maximum and minimum values of observable masses
If the redshift is accurately known from an electromagnetic observation (as in the case of the neutron star merger event GW170817 [35] ), then z o = z s , and Eq. (7) reduces to
That is, when G s G o , the allowed range of neutron star masses (as measured from gravitational-wave observations) will be different from the range m min -m max . This is shown by the gray region in Fig. 2 . If G s has a significant deviation from the current value G o , the observed values of neutron star masses (from gravitational wave observations, shown as horizontal bands in Fig. 2 ) would have gone out of the allowed range of neutron star masses (gray region). Hence such large deviations are ruled out by current gravitational-wave observations.
Even if the redshift is not known from electromagnetic observations, the luminosity distance estimated from gravitationalwave observations can be used to infer the redshift assuming a cosmological model. However, if G varies over cosmological time, then the inferred redshift will have a bias because the cosmological model uses the current value, G o , of G. The allowed mass range of neutron stars should be made larger to accommodate this effect (see the parenthetical ratio of redshifts in Eq. (7)). This effect is negligible for GW190425 thanks to its relatively low distance; however we will need to consider this effect for binary neutron star observations from large distances (for e.g., by the next generation detectors).
Results:- Figure 2 summarizes the constraints on the variation of G between the epoch of the merger of the neutron stars and the present epoch, obtained from the two putative binary neutron star observations by LIGO and Virgo, GW170817 [22] and GW190425 [23] . The horizontal axis corresponds to the assumed value of G at the epoch of the merger, denoted by G s (in units of the current value G o ), and the vertical axis corresponds to the neutron star mass m o (in units of solar mass) that we would estimate from gravitational-wave observations. The tilted gray regions show the allowed range of the observed neutron star mass; i.e., m min (G s /G o ) −1/2 to m max (G s /G o ) −1/2 , where m min = 0.09M and m max = 4M . The two horizontal bands correspond to the measured value of the neutron star masses (90% credible regions of the marginalized posteriors on the component masses from LIGO-Virgo observations [22, 23] ).
When G s 4 × 10 −3 G o or when G s 9G o , the observed mass range of the neutron stars in GW170817 will go out of the predicted mass range. Thus, the fractional deviation ∆G/G o := (G s −G o )/G o in gravitational constant is constrained to be −0.996 ∆G/G o 8. Similarly, GW190425 constrains G s to be in the range −0.997 ∆G/G o 5. Note, however, that G s in different observations will refer to different epochs (that of the individual mergers).
If we know the time ∆t elapsed between the merger and the gravitational-wave observation, we can compute an average rate of change of the G during this period:Ġ/G o ∆G/(G o ∆t). By assuming a cosmology 2 , we can compute the time taken by the signal to reach the observer from the source 3 . GW170817 and GW190425 provide the constraints −7 × 10 −9 yr −1 Ġ /G o 5 × 10 −8 yr −1 and −4 × 10 −9 yr −1 Ġ /G o 2 × 10 −8 yr −1 , respectively. These are plotted in Fig. 3 , along with similar constraints obtained from other astronomical observations. Future gravitational-wave observations using the proposed third generation detectors like the Einstein Telescope [38] and Cosmic Explorer [39] will probe binary neutron star mergers at several gigaparsecs. To get a rough estimate of the expected constraints, we simulate a GW170817-like binary neutron star merger at a distance of 15 gigaparsecs so that the gravitational-wave signal is observed with a signal-tonoise ratio 32.4 (the same as the observed signal-to-noise ratio of GW170817). We assume a two-detector Cosmic Explorer network and a signal-to-noise-ratio scaling of √ n where n is the number of detectors 4 . We further assume that the masses are estimated with the same precision as that of GW170817, so that −1 ∆G/G o 8 (see Fig. 2 ). Since the gravitational-wave propagation time is much larger here (∆t = 10.4 Gyr), the expected constraints onĠ/G o improves significantly (−1 × 10 −10 yr −1 <Ġ/G o < 7 × 10 −10 yr −1 ). This is shown in Fig. 3 . Note that the future gravitational-wave observations probe the value of the gravitational constant at a different cosmological epoch.
Summary and outlook:-We proposed a method to constrain the evolution of the gravitational constant over cosmic time using gravitational-wave observations of binary neutron stars, and produced the first constraints with LIGO-Virgo observations. Although these constraints are not as confining as the best available bounds from other measurements, they sample a different cosmological epoch that is not covered by other observations. Additional detections of binary neutron stars would constrain the variation of G at different redshifts, contributing more constraints to the cosmic evolution of G ( Fig. 3 ). However, for observations with no electromagnetic counterparts, we need to rely on the GW measurement of the luminosity distance, and an assumed cosmology, to make an estimate of the redshift. Especially for large distances, this conversion would need to take into account the bias in the estimated redshift (and hence the masses) incurred by choosing the current value of G.
Gravitational-wave observations sampling the extremes of the neutron star masses, will further tighten these bounds. For example, the measurement of a high-mass (low-mass) neutron star will constrain the possibility of G s > G o (G s < G o ). If there are multiple observations from similar distances (i.e., mergers from similar cosmological epochs), these constraints can be combined, thus further tightening them. Stronger theoretical mass limits for neutron stars (through better understanding of the nuclear equation of state) will also help us to place tighter bounds on ∆G. Since future gravitational-wave detectors will observe binary neutron star mergers at much larger distances, these will provide stronger constraints onĠ/G o .
Note that this test relies on coalescing binaries having at least one neutron star, and is therefore extendable to neutron star -black hole mergers as well, especially if these can be associated with an electromagnetic counterpart. We have assumed that the gravitational-wave events GW170817 and GW190425 are binary neutron star mergers. Although the possibility of GW190425 being a binary black hole can not be ruled out [23] , the observed electromagnetic counterparts of GW170817 strongly suggests that the binary contains at least one neutron star. Thus, the measured mass of at least one object in GW170817 can be used to constrain ∆G, which is not significantly weaker than the bounds presented in this paper. In principle, comparison of the predicted luminosity of the electromagnetic counterparts such as kilonovae with observations will also allow us to constrain the time evolution of G. This requires accurate models of the electromagnetic emission from binary mergers, which might become available in the near future.
